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A NEW VARIATIONAL CHARACTERIZATION
OF n-DIMENSIONAL SPACE FORMS

ZEJUN HU AND HAIZHONG LI

ABSTRACT. A Riemannian manifold (M™,g) is associated with a Schouten
(0, 2)-tensor Cy which is a naturally defined Codazzi tensor in case (M™,g)
is a locally conformally flat Riemannian manifold. In this paper, we study
the Riemannian functional Fylg] = [;; 0x(Cy)dvoly defined on M1 = {g €
M|Vol(g) = 1}, where M is the space of smooth Riemannian metrics on a
compact smooth manifold M and {o(Cy), 1 < k < n} is the elementary
symmetric functions of the eigenvalues of Cy with respect to g. We prove
that if » > 5 and a conformally flat metric g is a critical point of Fa|aq,
with Fa[g] > 0, then g must have constant sectional curvature. This is a
generalization of Gursky and Viaclovsky’s very recent theorem that the critical
point of Fa2|aq, with F2[g] > 0 characterized the three-dimensional space
forms.

1. INTRODUCTION

Let M™ be an n-dimensional compact and smooth manifold. Denote by M and
G the space of smooth Riemannian metrics and the diffeomorphism group of M,
respectively. We call a functional F : M — R Riemannian if F is invariant under
the action of G, i.e., F(p*g) = F(g) for each ¢ € G and g € M.

By letting S2 (M) denote the bundle of symmetric (0, 2)-tensors on M"™, we say
that F : M — R has a gradient at g € M if

(1.1) i}'(g +th)|i=o0 = / (h, VF)gdVolg,
for some VF € I'(S2(M)) and all h € I'(S2(M)). The theory of Riemannian
functionals has a long history; for details and references we refer to [1] and [4],
among many others.

Following [4] and [10], we consider the functional

(1.2) Fild= [ ouCaval,,
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where 01(Cy) is the k-th elementary symmetric function of the eigenvalues of the
Schouten tensor Cy := Ric — mg with respect to g. Here Ric and r denote the
Ricci tensor and the scalar curvature of g, respectively. We note that in classical
terms the Schouten tensor is ﬁCg.

Recall that an n-dimensional Riemannian manifold (M™, g) is said to be locally
conformally flat if it admits a coordinate covering {U,, ¢o} such that the map
fo it (Ua,yga) — (S™,g0) is a conformal map, where go is the standard metric on
S™. Since a 2-dimensional Riemannian manifold is always locally conformally flat,
we will assume n > 3 throughout this paper.

In [10] Viaclovsky studied Filig,, where g is a fixed smooth metric on M"
and [g]; denotes the space of smooth metrics which are conformal to g and have
unit volume, and he proved that a metric g is critical for Fy|i, if and only if
0,(Cy) = constant provided k = 1,2; or k > 3 and (M™", g) is locally conformally
flat. Let My = {g € M|Vol(g) = 1}. In [@] the authors considered F[g] on M
and proved the following important result.

Theorem A ([4]). Let M be compact and three-dimensional. Then a metric g with
Falg] > 0 is critical for Fa|m, if and only if g has constant sectional curvature.

Our main purpose in this paper is to generalize Theorem A to a higher-dimen-
sional situation. This is achieved when we restrict ourselves to the case that the
critical metric is locally conformally flat. Precisely, our main result is the following

Theorem B. Let M™ be compact with dimension n > 5. Then a conformally flat
metric g with F2[g] > 0 is critical for Falam, if and only if g has constant sectional
curvature.

Remark 1.1. Similar to the n = 3 case in Theorem A, the condition Fz[g] > 0 in
Theorem B remains necessary: Let E' = Ric— g denote the trace-free Ricci tensor;
then

1 (n —2)2
1.3 C,)=—=|E + —— 2
If g has constant sectional curvature, then E = 0 and 02(Cy) = (n — 2)*2/

[8n(n — 1)] > 0. However, there do exist critical metrics with F» < 0; see Re-
mark 7.1 below.

In this paper, all manifolds are supposed to be smooth, connected and orientable
for compact ones.
2. PRELIMINARIES

Let (M™,g) be an n-dimensional Riemannian manifold. We choose a local or-
thonormal vector field {es,--- ,e,} adapted to the Riemannian metric of (M™,g)
with {w1, - ,wp} its dual coframe. Then the connection forms {w;;} of (M™,g)
are characterized by the structure equations

(2.1) dw; = — ZWij A wj, wij +wj; =0,
J

1
(2.2) dw;j = — zk:wik Nwij + B ;Rijklwk N wy,
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where R;ji; are the components of the Riemannian curvature tensor of (M™,g).
Let Wijr denote the components of the Weyl curvature tensor of (M™, g), i.e. (see

),

(2.3) Wikt = Rijri — i(cikgjl — Cugjx + Ciigi, — Cikgir),

where C is the so-called Schouten tensor and it is a symmetric (0, 2)-tensor defined
by

2.4 C =Ri d

2.4) T T S —1)?

with Ric and 7 denoting the Ricci curvature tensor and scalar curvature of g,
respectively. In the sequel we often write C' as C, in emphasizing its dependence
on the metric g.

Let R;; be the components of Ric; then Cj; = R;; — mgij. Denote by V the
covariant derivative on (M7, g) and write, e.g., Rijr = ViRij, Rijm = ViViRij,
Cijr = ViCij, Cijr = ViVECij, and so on. Then we have the following Ricci
identities (cf. [3]):

(25) Rij,kl zg lk — Z Rm] Rmzkl + Z Rszm]klv

(26) Cij,kl zg lk — Z ij Rmzkl + Z szijkl

Let B denote the Cotten tensor, ie., Bijr = Cij,k — Ci,j. Now, we can state
the following well-known facts:
(i) If n = 3, we always have W, = 0. (M3, g) is locally conformally flat if
and only if By, = 0.
(ii) If n >4, (M™,g) is locally conformally flat if and only if W;;x = 0.
(iii) >, Wijki,i = Z—:SB]-M, and so B;ji = 0 provided (M™, g) is locally confor-
mally flat and n > 4.
Hence, if (M™, g) is a locally conformally flat manifold with n > 3, then we have

2.7)
1
Rijri= —> (Rikgji— Rigjk+ Rjgik — Rjkga) —
(2.8) Cij,k = Cik,j;

the latter means that C;; is a Codazzi tensor.

r
n—Dn-2) (9ik9jt — gigjk) -

Let C’f = Cig™. Then we define a family of invariant functions o4 (C,) of
(M™,g) by

(2.9) det(C + tI) := det(C? + t57) Zak Yk,

ie., 0k (Cy) are the k-th elementary symmetric functlons of the eigenvalues of the
tensor Cy with respect to g for 1 < k < n, and 0o(Cy) = 1. Here the (1, 1)-tensor
C is considered as an endomorphism on TM and I denotes both the unit matrix
and the identity endomorphism on T'M.

Notice that by considering the elementary symmetric functions on R",

(2.10) Si(x1,--+ ) = Z Ty Ty, 1<k<m; Sp:=1,

1<ii << <n
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we then have
(211) O'k(cg):Sk(Al,'“ 7>\n)7 nggn,

where the A;’s are the eigenvalues of Cy with respect to g.
By the (1,1)-tensor C, we can define a series of new endomorphism fields
{Tr}o<k<n—1 on T M, the so-called Newtonian transformations, by

(2.12) det(C +tI) - (C +tI)~ ZTk YRt

in the subset Q) of M x R with Q; := {(p,t)| det(C(p) + tI(p)) # 0}.
From (2.9) and (2.12), one can derive the formula

(2.13) Ty = o)l — 04 1C +--- + (=1)FCF, k=01, ,n—1,

where CF = C' - C'-- - C(k-tuples), o5, = o%(C,).

3. EULER-LAGRANGE EQUATION OF Fi|am,

We will need the following properties of the Newtonian transformations
{Tr}o<k<n—1 as defined in section two.

Lemma 3.1 (see [, [8], [9] and [T1]). For any n x n matriz C = (C?), we define
0i(C) and T (C) as the k-th elementary symmetric polynomials of eigenvalues and
the Newtonians of C, respectively. Then we have

(1) (k4 Dok =tr(C - Ty), k=0,1,--- ,n—1.
(2) (Tw)] = (k) > shhdcn...c,
L1, ki1 Tk

where (531 J“ is the usual generalized Kronecker symbol, i.e., 5313“ equals +1
(resp. —1) zf (j1-+-Jm) is an even (resp. odd) permutation of (i1 im) and in

other cases it equals zero.

(3)  If the matriz C = C(t) depends smoothly on a real variable t € R, then the
corresponding oy, = 0, (C(t)), T = Tr(C(t)) satisfy

d dcC
dtO'k_;,_l tr (dt Tk) k=0,1,---,n—1.

(4) If C is a Codazzi tensor of (1,1)-type on a Riemannian manifold (M™,g),
then the corresponding Newtonians have vanishing divergence, i.e.,

3 [(Tk)ﬂ =0, Y k.
‘ J
j
(5) If C = Cy is given by (2.4) on a Riemannian manifold (M™,g), then the
Newtonian T1(C,) has vanishing divergence.

Remark 3.1. Property (5), a fact observed in [4] for n = 3, follows directly from
the second Bianchi identity.
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Proposition 3.1. At any g € M, the functional Filg] = [,, ox(Cy)dVoly de-
fined on M has a gradient VF;, € T(S2(M)) with the local expression VFj, =
> (VFr)ijwi ® wj, where

1
(VFr)ij = _EAg(Tk—l)ij - Z(Tk—l)mleilj +

m,l

m(Tk—l)ij
2

+ Z [(Tk—l)é]’lj + p— Z(Tk—ﬂéEﬂ
1 1
n—2k—2

(trng—l)Jj

(3.1) trgTy_1 - Eij +

2(n—1)(n—2)
1
5y RoltrgTie1) g

1
=52 [@e)™] 935,
m,l

1
2(n—1)

and where the quantities are all defined by the metric tensor g, Ty—1 = Tr_1(Cy),
o = 0,(Cy), Eij = Rij — %gij. As usual we use the metric tensor g to raise and
lower indices.

Proof. This is a direct calculation, for the convenience of the readers, we conclude
it here. We choose a local smooth frame field {e;} with dual {w;} on M"™. Let
g € M be an arbitrary fixed metric with local expression g = Zi,j gijwi ® wj. Set
(9") = (gi5) ™"

Consider a smooth variation g(t) of g with §(0) = g and g(t) = >_, ; gi; (V) w; ®w;.
Let h;j := 0g;;, where and later in this section § := % |t=0. As has been explained in
Proposition 3.1, we will use g;; or g¥/ to lower or raise indices, e.g., h¥/ := g% hy,g".
The covariant derivation is with respect to the fixed metric g. Then we have the
following formulas (cf. [I], [4], [6]):

(3.2) 8gij = hij, 0§7 = —h",
~ 1
(3.3) (5Fijk = E(hjk,i + hik,j - hij,k) + Z hklréja
l
S|
(3.4) Tk = 5(vih§ + V;hF — V*h;),

where Tyji = 2(0igjx + 9;9ik — Okgij), Féj = >, ¢"'Tjx denote the Christoffel
symbols w.r.t. the metric g; analogously the *- notations correspond to the metric
Gij-

Then from the expression of the Riemannian curvature tensor

(3-5) Rijkl = 8kr§‘z - 81F§'k + Z(Finkrﬁ - FinzF;’zZ% Riji = Zgime;klv
m m
by a direct calculation we have

~ 1
(3.6) ORijm = Z him R + §(hil,jk + hijie — R — ikt — hijer + Rjkar)-
m
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From R;; = Ei’k 9% Rijii, we have

- 1 1 1
ORj = 3 Z(hf),jk + 3 Z(hﬁ) A ghji — (trgh) il
k %
. TS S

1
+ 3 Z [hmlR;n + hijlm + (hlm)ﬂnj + (h?’),ml} )

where we have used the Ricci identity

(3.8) Z(hf)dk = Z(hl ki T Z hm le]k + Z hmlR

k k k,m

From r =3}, g Rij, Rl =3, 9" Ry and (3.2), (3.7), we easily get

(3.9) = ZhJR” + ZgjéRw = Zh”R” + Z (R7) 45 — Ag(tryh),
(3.10)

= —ZhﬂRil — %Aghg Zg (trgh).a — Z G'W R
1

k,m,l

b5 S [ B 4 BB 4 S 7 ) i+ () i+ D 7 () |
m l l

Combining (3.9) and (3.10) we have

(3.11)
oy - 57
J_ spi _ J
00} = 0] — 5=y
==Y W'Ry- iAgh{ Zg (trgh)i — Y g7 W™ Rimy
l k,m,l

1 . . 0 , . 0 ,
+3 Emj hiniR™ + B, R + zl:gj (RF") i+ (W™ i + Elj 9 (A7) i

ml
- =D B 3t = i)
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Therefore, by using Lemma 3.1(3) and (3.11), we obtain

(3.12)
004(Cg) =D (Ti1);0C]
.3
== (Th1);h' Ri = > (Ti1) W™ Ry
ivjvl i,j,m,l
1 : . .
- 5 Z {(Tk—l);Ath + (Tk_l)” (trgh)7ij:|

4,9

humi R™ + Wi, R+ (B79) i+ gﬂ(hzf”’),mzl
l

—i—% Z(Tk—1)§-

,3,m

_2(711— D r(Th-1 [ Zh”R”-I-Z h” ij — trgh)}.

Note that §+/det(g;;) = trghy/det(g;;) and therefore §dVol; = Ltryh - dVoly.
Then we can compute the variation of Fy[g]:
(3.13)
0Fk[g) = / 50k(Cg)dV019 +/ Uk(Cg)(deolg
M M

= /M {—Z(Tk—l)ﬁhﬂRu = ) (Te-1)7B™ Rimji

i,5,0 2,5,m,1
1 i ; Iy 1
= 5 D0 [T 1)y Aghd + (Tia) (rh) i3] + 500(Cy)tryh

,J

+ 5 ZTkl

,J,m

2(n1— 1y rTi-1) [Z(hij)w‘j =Y hYRij — Ay(trgh)

.3 .3

i R™ + 1, R + (B™) i + gjl(hzm),ml]
l

} dVoly.

By using the Stokes’ formula and (4) of Lemma 3.1, we can rewrite (3.13) as
follows:

m,l

0Filg / Z{—— (Th—1)ij Z(Tk 1 mzl]+z ((Tr—1)
1

1

gD (T %ak@g)gij

(3.14) -

2(n — 1>tr(Tk,1)Rij —

1 .
—5 Z((Tk_l)ml)legij + Ag(ter_l)gij} h”dVOZg.

1
2(n—1)
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From the decomposition (2.3), (2.4) of the Riemannian curvature tensor, Lemma
3.1(1) and the fact Tj,—1C = CTj_1, we get

m. m. k
- Z(qu) "Ronity = — Z(qu) Wonitj — mak(cg)gij

(3.15) il " )
2tr(Tk—1)Cij T ;(Tk—l)?cmj-

Putting (3.15) into (3.14) and then using
n—2 -
2n(n — 1)7'9”,

we immediately obtain (3.1) by noting (1.1). O

(3.16) Rij = Eij + %gij; Cij = Eij +

From Proposition 3.1, we can deduce our main result of this section.

Theorem 3.1. Suppose M™ is compact. Then a metric g € My is a critical point
for Filam, if and only if it satisfies the following two equations:

(3.17) (n—2k)ok(Cy) — (n—2) > [(Th-1)"] . = const :=2n;

(3.18)
Ay(Th—1)ij +2 Z(Tk—l)mlWimjl - % Z(Tk—l)éEil -2 Z [(Th-1)!] U
1 I

m,l

2r n 4k
_ 7(Tk71)ij + mtr(kal)Elj =+

n(n—1) )Jkgij
1 2 -
= o7 Ay (0 Th-1)gij + —— (0rThe—1)i + > Te-)™] 96 = 0.

n(n —2
1
n—1
m,l
Proof. According to the principle of Lagrange’s multiplier, g € M;j is a critical

point of Fy|arq, if and only if for some constant A, it is a critical point of the
auxiliary functional

Fi: g— / o1 (Cy)dVoly — 2X[Vol(M, g) — 1],
M

defined on M. From the proof of Proposition 3.1 we easily known that, at any fixed
g€ M, (VFi)ij = (VFr)ij — Agij. This implies that g € My is a critical point of
Film if and only if it satisfies

(319) (V}—k)” = )\gij.
By contracting (3.19), using > Wipmji9¥ = 0 and Lemma 3.1(1), we can get
4,
(3.17). Inserting (3.17) into (3.19), we obtain (3.18). O

Corollary 3.1. Suppose M™ is compact and g € M1 is a critical point of Fr|m,
(n # 2k). Then
(1) when k=1,2, we have 01,(Cy) = const on M";
(2) when k > 3 and (M™, g) is a locally conformally flat manifold, we also have
o, (Cy) = const on M™.
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Proof. Since To(Cy) = I, T1(Cy) = —Ric+ 51, where I denotes the identity trans-
formation on T'M, i.e., with respect to a local frames field {e;},

(3.20) To(Cp)Yl =6, Ti(Cy)i = —Ric] + 5.

Now the conclusion follows from (3.17), (4)-(5) of Lemma 3.1 and the fact that
Cy is a Codazzi tensor in case g is a locally conformally flat metric. O

Combining Theorem 3.1 with Lemma 3.1(4) and the proof of Corollary 3.1, we
immediately have

Corollary 3.2. Suppose M™ is compact and g € My is a locally conformally flat
metric. Then g is a critical point of Fi|Mi (n # 2k) if and only if it satisfies the
conditions that 0, (Cy) = const and
1 1 4k
Ag(Ti-1)i = ——7 Bg(trTim1)gij + —= (Th—1) 45 + i —2) k9
4 2r n

T )sBy — ———(Th1)ij + —————

n—2§l:( k1) Ea n(n—l)( b-1)ig + (n—=1)(n-—2)

tl"(kal)Eij =0.

Remark 3.2. The condition n # 2k is natural due to the fact that, as has been
observed by Viaclovsky in [10], if n = 2k and M carries a locally conformally flat
metric, then Fj[g] is an invariant and, in fact, is a multiple of the Euler character-
istic of M for locally conformally flat metric g.

4. GENERAL PROPERTIES FOR CRITICAL POINTS OF Fa|aq,

From now on, we restrict our attention to Fa|aq, with n # 4. On the one hand,
we have

Proposition 4.1. Suppose M™ (n # 4) is compact, and a metric g € My is a
critical point of Falpm,. Then, with respect to a local orthonormal frame field {e;}
of g, the norm square of the trace-free Ricci tensor E = Ricy — g satisfies

1 9 9 n—2 4
58 ;(Eij) =Y (Bix) + =1 ;Ez‘ﬁ,w t— > EyEjEy

0,5,k i,4,k
n? —4n +8
4.1 _— Ei;)? -2 Eii EpiWhil;.
(4.1) * 2n(n —1) rlzj:( i) ijzr;l 5 EmiWinit;
Proof. Using the identities (3.16) and (3.20), we have
n—2
(4.2) (T1(Cy))ij = —Eij + ——rdij.

By use of (4.2) and the fact that 77 has vanishing divergence, we have from
(3.18)

(4.3)
n—2 n—2 n—2 o
AgEij :mr7ij — mAgTdL‘j — Z;Emlmm]l — m’r 5”
4 n? —4n+8 8
= N EuEy E 5.
+n—2§l: vog 2n(n—1)r j+n(n—2)02 !
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Combining (4.3) with
1
(4.4) 58 D (Ey)? =D (Biyx)*+ Y EyAgEy,
,J 1,5,k ,J
we get (4.1).
On the other hand, we can prove

Proposition 4.2. Let (M™,g) be a locally conformally flat manifold. Then, with
respect to an orthonormal frame field {e;} of g, we have

(4.5)
1
58 > (Eiy)?
,J
P .. 2 n— 2 .. .. n . . .. /r‘ .. 2
= ;C(Ew,k) + 2(n—1) ;Ezjr,m + e ;EzlEleﬂ + T ;(Ew) .

Proof. By use of (3.16) and (2.6)-(2.8), we have

n—2
n—2
= zl: Cu,ij + ;(Cmilejl + CruRmiji) — mAT “ Gij
n—2 n—2

ij — Agréy;
=1 " o(n 1) e

r

n 1 9
+ n_2 El:EzlElj - m;(Eml) 61] + n_ 1E’L]'

Putting (4.6) into (4.4), we get (4.5).

From (3.16), a simple calculation gives

1 (n —2)2
4. = ——|E)? + —F—r?
(47) 7a(Cy) = ~5 | + gl

Comparing (4.3) with (4.6), and then making use of (4.7) and Corollary 3.2 in
the case k = 2, we immediately obtain the following

Corollary 4.1. Suppose M™ (n # 4) is compact. Then a locally conformally flat
metric g € My is a critical point of Fa|m, if and only if 02(Cy) = const and the
following algebraic identities hold:

(n —2)? 1
l
—92)2
(4.9) 85— 02 pp o,

2n(n —1)
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5. LOCALLY CONFORMALLY FLAT CRITICAL g OF F|aq, WITH Falg] > 0

We first state an algebraic lemma.

Lemma 5.1 (see [7] or [B]). For any real numbers ay,--- ,an with > a; = 0, there
holds

n

3/2 n 3/2
n—2 2 o
(5-1) a n(n—1) <;al> z:: T \n n—l (Z ) ’

and equality holds in (5.1) if and only if at least n — 1 of the a;’s are equal. In

. . : _ 3/2
particular, for Y i a? #0, if Y al = —\/”7—2 (X0 a2)””, then the n — 1
= = n(n—1) =1
of the a;’s which are equal must be positive; if Y1, a3 = —2=2— (31, af)3/2,

v/n(n—1)

then the n — 1 of the a;’s which are equal must be negative.

Now, we suppose that (M™, g) is a compact locally conformally flat manifold and
g € M is a critical point of F2|sq,. Then, according to Corollary 3.2, 02(Cy) =
const. To prove Theorem B, we first consider the case Fa[g] > 0, ie., 02(Cy) =
const > 0.

Proposition 5.1. Suppose M™ (n # 4) is compact, and g € My is a locally
conformally flat metric. If g is a critical point of Fa|pm, with 02(Cy) > 0, then
(M™, g) is a space form.

Proof. To prove the proposition, it suffices to show that |E| =0 on M™. If it is not
the case, then there exists a point p € M™ such that |E|(p) # 0. We will derive a
contradiction.

Note that o2(Cy) > 0 and (4.7) imply that

(5.2) |r| >|E| >0, on M".

n—2
2¢y/n(n—1)

Since M™ is connected, from (5.2) we have only two possible cases: r > 0 on M™
orr < 0on M".

If » > 0, then at p, by applying Lemma 5.1, we have from (4.9) and (5.2)

(n—2)?

-2 . (n —2)2
= trgB® — B> < —— 3 EP
0= trg 2n(n—1)r| "= n(n—1)| "= 2n(n—1) "Bl
A T B Ak >
n(n—1) n(n —1) ’

which is a contradiction.
If r < 0, then at p, from (4.9) and (5.2) and applying Lemma 5.1, we have

—2)2 -2 2
0= tr,B° — MHEF R L ) [ (-2 r|EJ?
2n(n —1) n(n —1) 2n(n —1)
n—2 n—2
———|E|’ + ——=IE =0,
n(n—1) n(n —1)

which is also a contradiction. This completes the proof of Proposition 5.1.
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6. LOCALLY CONFORMALLY FLAT CRITICAL METRIC g OF Fa|ap, WITH Falg] =0

In this section, we find that the analysis of [4] can be carried through by some
modifications so as to extend the 3-dimensional results there to any dimension n > 5
for conformally flat critical points of Fa|a4, -

We first recall a result about the elementary symmetric function So(x1,- -+, x,)
defined by (2.10). Note that as a homogeneous function of degree two, S has
signature (1,n — 1) with index n — 1. Thus the set {x € R™|S3(x) > 0} has exactly
two components. Following [4], we let I'J denote the component which contains
the positive cone. For a symmetric linear transformation C' : V" — V" where
V™ is an n-dimensional inner product space, the notation C € I‘; will mean that
the eigenvalues (A1, -+, A,) of C lies in T'J. We will need the following important
properties of I'y .

Lemma 6.1 (cf. []). (1) The set I'J is an open convex cone with vertex at the
origin.
(2) If C €T, then the Newtonian T1(C) defined by (2.12) is positive definite.
(3) 'y I} :={z € R"S:(x) > 0}.

Now we present a global characterization for the null criticals, i.e., metrics g
which are critical for Fa|aq, with Falg] = 0.

Theorem 6.1. Let (M™,g) (n > 5) be compact and let g € My be a conformally
flat metric. Then g is a critical point of Fa|am, with Falg] = 0 if and only if r <0

and the eigenvalues of the tensor Cy are {0,--- ,0, 2&—_721)7"}
——

n—1
Proof. The if part is a direct check with application of Corollary 4.1. We will only

give a detailed proof for the only if part. We first prove our claim that r < 0.
Note that F2[g] = 0 implies 02(Cy) = 0 and

— 2)2
1 B =02
(6.1) B = o
Then by (4.2) and (4.3), we easily get
(6.2)
_vEp. T2 "t pp - =2 g
0= |VE| 2(7’l—1) Z(Tl(cg))”ﬁ”‘f'n_thE +7’l—1|E| 4n(n_1)|vr| .

0,3
Let p € M™ be a point where 7 achieves its maximum. Then Vr(p) = 0 and
(r5(p)) is negative semi-definite. If r(p) > 0, then

7)) = (15,C)p) = 5op57() = 0.

Because 02(Cy)(p) = 0, from Lemma 6.1 we conclude that p must be on the bound-
ary of the positive cone I'y and T1(C,)(p) is positive semi-definite. Now (6.2)
implies
n r(p) 2 2 n 2

0> |VE| ——trE® ——|E|*(p) = |VE ——r(p)|E

2 [VE[(p) + —5 B (p) + ——7|E["(p) = |VE| (p)+2(n_1)r(p)| I*(p),
where we used (4.9) in the last step. Therefore r(p) - |E|(p) = 0 which implies
r(p) =0 by (6.1), so r < 0 everywhere on M".
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Now from (4.9), (6.1) and the fact that » < 0 on M", we get

. -2
B = —— L2 |
n(n—1)
By Lemma 5.1 we see that the eigenvalues of E are of the form {a,--- ,a,—(n—1)a}

for some function a > 0. Then we deduce from (3.16) that the eigenvalues {\;} of
Cy satisfy

n—2 n—2
Al = =Xp1 = s An=—(n—1 — .
! ! a+2n(n—1)r (n )a+2n(n—1)r
Now we have |E|?> = n(n — 1) , which in combination With (6 1) gives a =
2n(n 1)7" Therefore we find \y =--- = X,_1 =0 and A\, = 1)7" This proves
Theorem 6.1.

Theorem 6.2. Let M"™ (n > 5) be compact and let g € My be a conformally flat
metric. If g is critical for Fa|am, with Fa[g] = 0, then for each p € M™, either
(i) the sectional curvature vanishs at p, or

(i) there exists a local coordinate system {x1, - ,xn_1,y} around p mapping a
neighborhood of p to a cube in R™ in which the metric g takes the form
(6.3) g=dai+--+da}_ + f(x1,- 20 1,9) dy?
with

(6.4) flxr, - xn_1,y) Zx —l—Zb Yz + ey

where a(y), {bi(y)}, c(y) are some functions of y.

Proof. If r = 0 at p, then (i) holds. We may therefore assume, by Theorem 6.1, that
r < 0 around p. Then in a neighborhood of p, r # 0 and T'M has a decomposition
as TM = Vi ® Vo, where V; and V, are the eigenspaces of the tensor C,; with

eigenvalues 0 and (—27' where dimV; =n —1, dim V5 = 1.

1

Since Cjy is a Codazzi tensor, according to A. Derzinski [3], V1 is an integrable
distribution. V4 is a 1-dimensional distribution, therefore it is also integrable. Thus
we have a local coordinate system {z1, - - - , 2, } mapping a neighborhood of p € M™

to a cube in R™ with Span{a%l, . ,%} = Vi and Span{%} = V.

Since eigenspaces corresponding to distinct eigenvalues are orthogonal, we have
that the metric g locally takes the form

< (9i5(2)) (n—1)x (n—1) 0 ) .

0 gnn(l‘)
Claim 6.1. Integral manifolds of Vi are flat and totally geodesic submanifolds of
M™,

Proof. Since V; is the eigenspace of a Codazzi tensor with the constant eigenvalue
0, by [3], the integral manifolds of V; are totally geodesic submanifolds of M™. Let
{ei}1<i<n—1 be an orthonormal frame field on V4. Since (M™, g) is conformally flat,
from (2.3) we have

1 .
R(e;,ej, €4, e5) = m(cn‘ +Cj;) =0, Vi#j.
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Therefore, from the Gauss equation, the integral manifolds of V; are of zero sectional
curvature and thus are flat. O

Let us consider a slice of an integral manifold N := {x,, = const} of V4. Let II
denote the second fundamental form of N < M™. Note that {x1,--- ,2,—1} forms
a local coordinate system on N. Denote 0, = 8%@. In the sequel we will make
use of the following convention on the range of indices: 1 <14,j,k,l<n—1; 1<
a,b,c,d < n.

Since e, = g;ﬁ/Qan is the unit normal vector of N — M™, from Claim 6.1 we
have

= H(azv a]) (V(’) en; = _955/2 Zrnzgja = __gr:é Qangzja

ie., Ongij =0, 1 <4, j <n—1. Therefore, since the slice IV is flat, by changing
the coordinates {x1,--+,z,—1} if necessary, we can assume that the metric has
the local form: g;; = d;; and gna = f2(x1,- -+, 2n)0na for some positive function
f(z) > 0.
Claim 6.2. ) )

0 0]

/ ch'- 1<4, j<n—-1

8:51-8@ - 8—33% s
Proof. Since 0,9:; = 0 = gns, Vi,7, by a simple calculation we have
Fim = _%&‘gnn =—foif,
D =10 = 39" Oignn = Oilog f,1 <i<n—1,

FZn = %gnn nGnn = Op log f,
I'¢, =0, for all other cases.

(6.5)

According to (3.5), the components of the Ricci tensor are given by
(66) Rap = Z R = Z(acrgb - 8(,FZC) + Z(ngrgb - ngrgc)'
c c c,d

From (6.5) and (6.6), we have

Rij — _fflaQ_f

) anzov 1§7§ _1, Ry = — —~
8xixj b " Zf

Then we get the scalar curvature as follows:
0% f
_ b _ 3 -2 _ op—1 oy
r—(;;ga Rap —zi:R“—i—f Ry = —2f zz: 927

From (2.4) and the above calculation, we have

Cij = Rij = —fflfija i # 7,

(6.7) Cii = Ri; — 2(n 1) f fu (n— 1 n—0)f Z fjja
CYLTL = Rnn - 2(n—1) n_lle f%7 CYL’L - 0)
i
where we denote f;; = Do

Since all the eigenvalues of (Cij)(n—1)xn—1) are zero, we have Cj; =0, 1 <
i, 7 < n—1. From this and (6.7) we conclude that f;; = 0 when i # j. Note
that C11 =+ =Ch—1,—1 =0 and (6.7) imply Ri1 =--- = Ry—1,n,—1, which gives
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fi1 =+ = fn—1n—1. Then from (6.7) again we find Cy,, = —(n — 2)f fi; for any
1 <i<n—1. This proves our Claim 6.2.

Claim 6.3. f;;; =0, 1<i<n-1
Proof. From the fact that Cj is a Codazzi tensor, we have
ViCpn =VpChi, 1<i<n-—1.
From the direct calculation

VCnn—a QZF na — n_Q)fzfn_( 2)ffuza

\% Cm—a ZF az ZF na — ZF nn — n_Z)f’Lf“?

we find that ffi; =0,1<i<n-1 Then Claim 6.3 follows.
From Claims 6.2 and 6.3, we have finished the proof of Theorem 6.2.
Proposition 6.1. Let g be a metric on R™ = {x1,- -+ ,Zn_1,%n} of the form
g=dz?+ - +da? |+ f(x1, Ty, 1) da?
with

n—1 n—1
(6.8) flx1, - 1, 2n) = a(zy) Z x? + Z bi(xn)xi + c(zn).
i=1 i=1
Then g is locally conformally flat and satisfies 02(Cy) = 0. Furthermore, g is
critical for Fo with respect to all compactly supported variations.

Proof. Simple calculations show that the metric g satisfies (6.5) and the following
relations:
(i) Rij=—f"fij;soR1 = =Ry 11, Rij=0,i#j; 1<i,j<n
Ryi=0, 1<i<n—1; Ry=—(n—-1ffi1; r=-2(n—-1)f""1
(11) Cij = 0; an = 0; Cnn = —(n — Q)ffll, 1 < i,j <n-— 1.

(ili) Cy is a Codazzi tensor.

By formula (3.5) of the full curvature tensor Rgpeq, & direct check proves that C'
and g satisfy Repeq = ﬁ(cacgbd — Cudgbe + Chigac — Chegad)- This and (iii) verify
that (R™, g) is a non-compact locally conformally flat Riemannian manifold.

From (ii) above, we see that 02(Cy) = 0. Now we can also check that (4.8)
is satisfied. Then, by making use of (4.6) and (4.8), we obtain from (3.1) that
VF, = 0, which implies that g is critical for F5 with respect to all compactly
supported variations. This proves Proposition 6.1.

Remark 6.1. Similar to the 3-dimensional situation in [4], Proposition 6.1 implies
that, for higher dimension n > 4, there might exist abundance complete null critical
metrics of non-constant sectional curvature on a non-compact manifold, e.g. R™.
Here we notice that, by appropriately choosing the functions {a(z,,), b ( n)s c(x )}
n (6.8), the Rlemanman manifold (R™,g) is complete, e.g., f(z1, -+ ,zn) =

2
i+ -+ xn.

To prove Theorem B for the null critical case, it suffices to show the scalar
curvature 7 = 0 on M™. Since we have proved in Theorem 6.1 that r < 0 on M™,
we now consider the set M_ ={pe M : r(p) < 0}. If M_ = &, then we are done.
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So in the sequel we assume M_ # &. To derive a needed contradiction, we will
adopt the method due to Gursky and Viaclovsky (cf. [4]) by undertaking a careful
study of the leaves of the foliation of M _ defined by the distribution V; in Theorem
6.2. Notice that V; is integrable, so by the well-known Frobenius Integrability
Theorem, we are guaranteed the existence of a unique maximal connected integral
manifold through each point where the scalar curvature is negative.

We first present a result which is crucial for our proof of Theorem B in the null
critical case.

Proposition 6.2. Let i : N — M_ be a mazimal connected integral manifold of
Vi. Then N is isometric to R™~! with the flat metric, and i is a proper imbedding.

Proof. By definition, ¢ is an injective immersion. From Claim 6.1, we know that
N is a flat (n — 1)-dimensional Riemannian manifold and ¢ is a totally geodesic
isometric immersion.

To prove the completeness of N, we first prove the following

Lemma 6.2. Define a function S on N by S(p) = [r(i(p))]~!, Vp € N. Then the
Hessian of S is given by

1
6.9 D(S) = ————gn.
(69) (8) =~ g
Proof. We will use the notations and conclusions in Theorem 6.2. Given p € N,
we can find a local coordinate system {x1,- - ,zp_1, 2, } around i(p) such that the
immersion ¢ is modeled by (x1,- -+ ,2n—1) — (21, -+ ,Zn-1,0) and the components
of the metric g is given by g;; = 6ij, gni =0, gnn = 2, 1< 4,7 <n—1. From the
proof of Theorem 6.2, r = —2(n — 1)f~1f11 and fi1 =+ = fn—1.n—1, 50 We have
s=—— 1
2(n—1)fu
From Claim 6.3 we have fi11|xy = const. The flatness of N implies that
D%(S)(9i,0;) = 0;0;S. Then from Claim 6.2, we have
2 Cav_aa [ f _ fiy _ 1 o1 -
D400 =00 (g0 i) = g = a e = E e

This proves Lemma 6.2.

The following proof of Proposition 6.2 is almost identical with that in [4] except
that in the second step we make use of Cheeger-Gromoll’s splitting theorem. For
the reader’s convenience, we will keep it here.

We will now use Lemma 6.2 to show that N is necessarily complete. Let v :
(a,b) — N be any bounded geodesic segment in N. To show that N is complete,
it is sufficient to show that we can extend  to a longer segment in N. Since i
is a totally geodesic immersion, i o v is a geodesic segment in M_. From (6.9),
S restricted to 7 is a quadratic function of the arc length, so S is bounded on ~.
Therefore r < —c < 0 on the image of i oy and at the endpoints of ~, r is negative
and thus the endpoints of i o« are in the interior of the open set M_ C M. Thus
we may extend i oy to a longer geodesic segment in M_. Applying Theorem 6.2
at the endpoints of 7 o v, we see that N can be extended so that its image strictly
contains the extension of i o . Since N is a maximal leaf, this proves that N is
complete.
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Next we show that N is necessarily isometric to R"~1. From (6.9), we see
that S is a globally concave function on N. If N were compact, then S would
attain a minimum and the Hessian would be positive semidefinite at that point,
a contradiction to (6.9). Therefore N is in fact a complete, non-compact and flat
(n — 1)-manifold. Then, by Cheeger and Gromoll’s Splitting Theorem (cf. [2]), N

must be either isometric to R"~! or isometric to R! x Nn_l_ for some manifold
N which contains no geodesic lines. In our case, if dim N > 2, then N is a flat
manifold. Therefore in the latter case, N cannot be simply connected, which implies
that there exists a closed geodesic on N. By restricting S to such a closed geodesic,
it would attain a minimum, contradicting (6.9). Therefore N is isometric to R" 1,
as claimed.

Finally we show that ¢ : N — M_ is a proper imbedding. Let K be a compact
subset of M_. Then » < —¢ < 0 on K. Since N was shown to be R*~ ! the local
coordinate system {z; }1<i<n—1 becomes a global one. Then (6.9) shows that S is a
function of a strictly concave quadratic polynomial in {x;}. Therefore roi = S~ —
0as Y. 1 2? — 00. Now r < —c < 0 on K implies that i~1(K) lies in a compact
set and this proves that i is proper. Because the maximal integral manifold passing
through a fixed point is unique, we see that i is in fact an imbedding. We have
completed the proof of Proposition 6.2.

7. COMPLETION OF THE PROOF OF THEOREM B

Because of Corollary 3.1, Proposition 5.1, Theorem 6.1 and Theorem 6.2, to
prove Theorem B it is now sufficient to derive a contradiction in the case M_ # &
for the null critical case.

For any leaf 1 : N — M_ of Vi, we have that i o expy = exp,, 0%« since i is
totally geodesic. Therefore for any p € M_, exp,, restricted to Vi (p) is a maxi-
mal connected integral manifold through p and, by Proposition 6.2, is a properly
imbedded R"~1. We now fix p € M_ and let 3 : (—¢,¢) — M_ be an integral curve
of V5 (in Theorem 6.2) passing through p. We identify V;(3(t)) with R"~!, and
consider the normal exponential map ®; along (3. Define

(7.1) ®: R x (—e,6) = M_

by ®(x1, -+ ,¥n_1,t) = ®y(x1, - ,2p_1) : R""* — M_. As observed above, for
each t, the map ®; : R*~! — M_ gives a maximal integral manifold of V; and by
Proposition 6.2, ®; is further a proper imbedding. Now, by completely the same
argument as in the 3-dimensional case of [4], p. 272, we can show that for ¢ small
enough, the map ® is an imbedding.

Claim 7.1. For ®: R" ! x (—¢,e) —» (M_,g), we have
(7.2) g =daf +-- A dap g+ [, e, 1),

where

(7-3) f(xlv"';xn—h —a Zx —l—Zb xz—l—c

with a(t) > 0, c(t) > 0.

Proof. The form (7.2) and (7.3) just follow from the proof of Theorem 6.2. Since
we are writing the metric in the form (7.2), without loss of generality we may
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assume f > 0. Then for small ¢, we must have ¢(t) > 0. From the proof of
Claim 6.2, we have that r(z1,- - ,2p_1,t) = —4(n—1)a(t)f~(z1, -+ ,2n_1,t) and
r(0,---,0,t) = —4(n—1)a(t)/c(t). Therefore for small ¢, we must have a(t) > 0. O

Now we consider the image U = ® (R”_l X (—e, e)) which is an open subset of
M. Since the map @ is an imbedding, the volume of U in the induced metric is

VOl(b*g(U) - / det(gij)datl e J?n_ldt
Rn—1x(—¢,e)
n—1 n—1
= / <a(t) S oai+ ) bit)a + c(t)> day - da, 1 dt
R~ 1x(—e,e) i—1 i—1
= OQ.

Since M is compact, any open subset of M should have finite volume. Thus we
achieve the needed contradiction which shows that we must have M_ = &.

Therefore the null critical metric can only be flat and we complete the proof of
Theorem B.

Remark 7.1. As stated in Remark 1.1, a constant curvature metric necessarily has
Falg] > 0. Theorem B shows that the converse is true for a critical metric. It should
be noted that there indeed exist critical metrics such that Fzlg] < 0. Take for
example, if n = 2m, consider the Riemannian product (M™, g) = N™(—c) x S™(c),
where ¢ > 0 and N™(—c) denotes a compact space form of constant sectional
curvature —c, and S™(c) denotes the usual sphere of constant sectional curvature
c. Now we choose ¢ such that Vol(M™, g) = 1. Then a simple calculation shows
that (M™, g) is a compact, locally conformally flat and non-Einstein manifold with
scalar curvature identically zero. By using Corollary 4.1, we can easily prove that
g is in fact a critical point of Fa|pq, with o2(Cy) = —m(m — 1)%¢? < 0.
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